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A TYPE OF SINGULAR POINTS FOR A TRANSFORMATION OF 
THREE VARIABLES'' 



W. V. LOVITT 

It is the purpose of this paper to discuss from as geometrical a standpoint 
as possible the character of a transformation 

(1) X = 4>{y',^,'w), y = 4'{u,v,iv), s-'x{n,v,w) 

near points of a special type at which the jacobian of the transformation 
vanishes. 

Let a particular one of the singular points in question be denoted by P , 
and let S denote the Surface through P in the witro-space defined by setting 
the jacobian of the transformation equal to zero. The point P and the surface 
S are transformed by (1) into a point P\ and surface Si in the a;y3-space, 
and the initial assumptions in Section 1 are such that P and Pi are non-singulaj' 
points of S and jSi, respectively. A neighborhood of the point P is divided 
by S into two parts. In Section 2 it is shown that under the hypotheses of 
Section 1 each of these parts is transformed in a one-to-one way into a con- 
nected region with interior points in the a^j/s-space, and the two a;j/3-regions 
so obtained adjoin Si and lie on the same side of that surface. Moreover the 
single valued inverse functions of x, y, z defined by the transformation in 
either of the regions adjoining Si are continuous, and they have continuous 
first derivatives except possibly at points of the surface Si . 

In the first two sections the transformation is studied in a neighborhood of a 
particular singular point P. But most of the results there found can be extended 
to apply to a neighborhood of any surface consisting of singular points of the 
type of P . This is done in Section 3. The generalization is analogous to 
an extension of the well-known theorems on implicit functions due to Bolza.f 
The methods of Sections 1-3 are applicable to tt-dimensional spaces with but 
little more than the necessary changes in notation. 

* Presented to the Society, April 2, 1915. 

t See hia Vorhsungm iiber Variationrechnuiig, p. 160; also Mason and Bliaa, Fields of ex- 
tr^nah in space, these Transactions, vol. 11 (1910), p. 325; or Bliss, Princeton Collo- 
quium LeeiuTea, p. 19. 

Trans. Am. MatU. Son. 33 3T1 
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In Section 4 we show that the two-parameter family of directions through a 
point P on the surface S, with the exception of a certain critical direction, 
transforms into a sing;le plane in of directions. This plane tt] is tangent to 
the surface Si at the point Pi , Urner* showed that every plane of directions 
through P in the uj>u'-space transforms into a single direction in the plane tti . 
The direction coincident with instead of distinct from the critical direction / 
transforms into the two-parameter family of directions through Pi , with the 
exception of those in the plane in. . All curves D having the critical direction 
and which have the same principal normal are transformed, as Urner has 
shown, into curves with directions in a common plane (3i . We add that as 
the radius of first curvature of Z> varies from infinity through P on the prin- 
cipal normal and out to infinity on the other side again the direction of the 
transformed curve rotates in ^i about Pi through an angle of 180 degrees. 
The character of a transformation in the neighborhood of a point at which 
the functional determinant vanishes has been the subject of study in a number 
of papers of comparatively recent date. For a review of the papers in widely 
different fields bearing on this subject the reader is referred to Chapter II 
of the Colloquium Lectures referred to above. Bliss showed in these lectures 
that for a transformation in two variables, regions on opposite sides of the 
curve defined by the vanishing of the functional determinant of the trans- 
formation are transformed into two overlapping regions. The theorems de- 
duced in Sections 1, 2, 4 below afford a generalization of this result to spaces 
of three or more dimensions. The paper of Urner mentioned in the preceding 
paragraph contains a discussion of the transformation effected by equations 
(1) upon the directions of curves through the point P, but he does not other- 
wise discuss the transformation of the region of space adjoining P, as is done 
in the present paper. 

1. The initial assumptions 
Let us consider a real point transformation of three space 
(1) X = <S, {u,v,w), y = ip{u,v,w), z = x{u,i),w) 

with determinant 



J{u,v,w) = 



ypu 4'v i'w 



The functions 4>,4', x are not necessarily analytic but it will be presupposed 

* S. E. Urner, Certain singularities qf point transformalions in apace of three dimension,. 
these T r a n a a c t i o n 8 , vol. 13 (1912), pp. 5 
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that 

(a) the functions i^f , ^ , X are of class C'"* in a neighborhood of the origin 
(u,v,w) = (0,0,0); 

(b) the following initial conditions are satisfied: 



^(0,0,0) =.^(0,0,0) =x(0.0>0) = 



0; 



(c) J(0, 0,0) = 0; 

id) at the origin (m,j),w) = (0,0, 0)at least one of the determinants 
of the matrix 

J„ J. Ju 



•Pu ^v ^w 

Xu %•> Xw 
is different from zero. 

There is no loss of generality in assuming, as indicated in these conditions, 
that the singular point P to be considered for the transformation is at the 
origin in the wcwi-space, and that the transform of P by (1) is the origin Pi 
in the x^2-space. Neither will generality be lost if we assume for convenience 
that the determinant 

/. -h /™ 



(3) 



Hi = 



i'u ^^ ^w 

X" Xv Xw 



is that one of the matrix (2) which does not vanish at the origin. Only a 
change of notation in a; , i/ , 2 , i^ , ^ , x is required to bring this about if it is 
not already true. 

At least one of the derivatives J^, J^, J„ does not vanish at the origin on 
account of our assumption {d). Hence the equation J{u, », mj) = can 
be solved for one of the variables in terms of the other two. There exists 
therefore a unique surface 



(S) 



= )7(«,^), 



= V{a, 



w = W{a, (3) 



satisfying J = , in which a and j3 are a suitably selected two of the parameters 
u,v,w. Since J^, Jv, Jw do not all vanish at the origin this point is a non- 
singular point of the surface S . 

* Wesliall say that a single-valued function /of (w, w, w) is of class C" iS f(u,v , w) and 
its partial derivatives of orders one, two, and three ai'o continuous in a region in which / is 
defined. 
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It follows from the derivation of equations (S) above that 
J{U, V, W) ^0, 



whence 




/. h'. + J. U 


+ J, w. 


J. U, + J, V, 


+ J. w. 


-From these equations we obtain 




V. IF. 


u. w. 



U. V. 

'~\v, F,r 

where ^ is a factor of propoi-tionality. Moreover ^ + since the surface 5 
is non-singular and consequently the determinants in the second members 
of equations (4) can not vanish simultaneously. 
The transform of the surface S by (1) is a surface 

X . 0((J, F,IF) . X(a,IS), 
(SO y-i{U,V,W).Y{a,l3). 

z - x(U,r, W) - Z(a,|3). 
The origin Pi is a non-singular point for Si if the determinants of tlie matrix 

|! X., r. z. II 

'^> \\x Y Z \\ 

II ^a ^S ^» I! 

do not vanish simultaneously. But 



(6) 



X. 


X, 


\ <l>u tr„ + 41^ F, + <i>„ 


II'. 


*. r, + 4,, V 


, +*.. IF, 


Y. 


^r 


" I'I'.V. +if, \\ + 4-. 


IF. 


it. I', +*. F 


B + *. IF, 






F. IF„ - F, IF. ( 


." 


. - F. IF. U. 


F, - C, F. 






= 1 *. 




4: 


4>K 






*, 




h 


4: 






[J. J, J.] 












. It 4,,, 4,. *, , 












*. *. V-. 
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SINf 


TJI-AR r 


OINT 


and by a similar 


argument 




X. A', 




/„ /. 


Jv-. 


<" Z. Z, 


= I 


^u i>:, 


4>v 






Xu x« 


Xi. 



1./. J. /» 




fe l/-. ^. -^^ 


■ 


! x« x» x™ 1 


ry point on the surface 



Tlius assumption (d) assures us that Pi is an ordinary point t 
Si . We may now state the following theorem. 

Theorem I. Under the assumptions (a), (b), (c), (d) the origin P in the 
uvvhspace is a non-singular point of the surface S defined by the equation 

J(u,v,w) = 0. 

Furthermore in the xys-space the image Pi of the point P by means of equations 
(1) is a non-singular point of the surface Si into which S is transformed by (1). 
By our assumptions (6) and (c) the equations 

(8) J {u,v, w) — 0, y = ){/ {u , V , iv) , z = x(i*ii'ii^) 

have the hiitial solution {u, v, w, y, z) = (0, 0,0,0,0). The hypothesis 
(d) justifies the assumption that the determinant (iJ) is different from zero, 
as we have seen. Hence by the usual theorems of implicit functions there 
exists a neighborhood (0,0,0,0,0)^* in which no two solutions {u,v,w ,y ,^) 
of equations (S) have the same projection {y ,z) , and a neighborhood (0, 0)s 
of the point {,y,s) = ( , 0) in whieb equations (8) determine it , d , w as func- 
tions of class C" of y and z, 

(9) u ^ u{y,z), V ^ v{y, z), w =^ w{y,z) 

defining values {u, v, w , y , z) in the neighborhood (0, 0, 0, 0, 0)^. By 
substituting these results in the third of equations (3), a surface 

(10) ^=X{y,z) 

is found, which is the transform by (1) of the surface S. This is identical 
with the surface given by equations (Si) above. 

Let A-i, Ai, As; Bi, B^, By, C-i, 0%, Cg denote respectively the cofactors 
of the elements of the first, second, and third rows in the jacobian J . Since 
at the origin 

Ih =J«Ai + J„ Ai + J^Az^O 

* For these theorems see Bliss, Prince,Unt CMo^ium Leelures, pp, 8-9. By the notation 
{O,0|0,0,0).is meant a nei^borhood 

li.|<., lH<t, 1«-|<(, |yl<., |.|<. 
of the point (0, 0, 0, 0, 0). 
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it follows that J^, Jv, J a are not all zero. Moreover some one of the terms 
t?ii Ai , JvAt, Jw At is different from zero at P , let us say J-^ Ai ^ Q. Only 
a change of notation in m , ^i , w is required to bring this about if it is not already 
true. Then at the point P 



d{4',x) 



■ d{v 



+ 0, 



JuiO,0,0) + 0. 



Thus the tangent plane to the surface )S at P is not parallel to the j(-axis, and 
the matrix of the determinant J is of rank two at the point P . 

We now interpret equations (1) as a two-parameter family of curves with 
the parameters v,w. Under the assumption (d), the surface Si is the envelope 
of the curves (1).* For from equations {8} and (10) the expression 



has the factor 



- Xy^u — X, x» 



iZ-T. 4'-^ i'v 'Pn 



which vanishes on the surface Si on account of the first of equations (8). 
If we keep v and w fixed and let u vary we get a straight line in the w»w)-space, 
and by varying « and w we obtain a two-parameter family of lines parallel 
to the w-axis. These lines are, by the above, transformed by equations (1) 
into a two-parameter family of curves for which Si is the enveloping surface. 
Under the assumptions made, none of the curves of the two-parameter family 
mentioned cross the surface Si , at their points of tangency. For if we put 



W{x,y , z) = 



■X{y,z) 



and in place oix,y ,z substitute their values in terms o(u,v,w from equations 
(1), we find 

- Xy\pu - Ji-^xu ='irJJ^'> 



du 



{JJuu + Jl] 



d 1 



But dW/du vanishes on the surface Si since J = 0, while d? W/dv? doef 
not vanish on Si since J^ + by hypothesis. We have thus proved th» 
following 

• Mason-Bliss, The -properties of curves in space which minimize a definite integral, thes' 
Transactions, vol. 9 (1908), pp. 440-466. 
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Theorem II, The two-parameter family of straight lines 

V = constant, w = constant 

parallel to the Vraxis in the uvtospace w transformed hy means of equations (1) 
into a two-parameter family of curves 

X = (j){u, V, w) , y = ipiii, V, w) , 2 = x(m,j),m') 

in the xyz-space, with the parameters v and w . Under the assumptions («), (b), 
(c) , (d) this family of curves has an enveloping surface Si which is the transform 
of the surface S- hy means of the equaiions (1). The curves of the family do not 
cross the surface Si at their points of tangency. 

2. Transformation of a neighborhood of a point on the singular 

SURFACE 

In this Section we show that under our assumptions (a), {b), (c), (d) there 
is a one-to-one correspondence between either of two regions in the wvw-sp&ce 
on opposite sides of the jacobian surface and its transform in the xyz-space, 
the two transformed regions being on the same side of the surface iSi which is 
the transform of the surface S by means of equations (1). Moreover each of 
the transformed regions is a connected region possessing interior points. The 
equations of transformation define inverse functions which are continuous at 
points of the xyz-space which arc on the surface Si, and of class C at points 
not on Si . 

The equations 

(11) y = ^{u,v,w), s = x(M,^,w) 

represent a system of curves in the Mmii-space. Every solution {u, v, w) of 
these equations, when y and z are fixed, determines a vahie | of the determinant 
J such that equations 

(12) J (u, V, w) — ^, ^(m, !), M') = )/, xi^! ^! 't") = ^ 

are satisfied. 

By our assumptions (&) and (c) the equations (12) have the initial solution 
(m, », w, I, y, z) = (0, 0, 0, 0, 0, 0). Since the determinant (3) is dif- 
ferent from zero the usual theorems of implicit functions justify the statement 
that there exists a neighborhood ( , , , , , 0) ^ in which no two solutions 
(u, V, w, i, y, z) of equations (12) have the same projection ( ^ , y , z) , and 
a neighborhood (0, 0, 0)j of the point (^, y, s) = (0, 0, 0) with 5 S e, in 
which equations (12) determine m, », lo as functions of class C of |, y, s, 

(13) u ^ u{^,y,z), V = v{^,y,z), w^w{^,y,z). 
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If ill these equations | is placed equal to zero we obtain equations (9) of Sec- 
tion 1. 

As a result of the choice of notation mentioned above which assures us that 
(7u(0, 0, 0) + 0, the equations of the surface S of Section 1 may now be 
written in the form 

u = U(v,w), v = a, w=-^. 

Consider then in the wjjju-space a neighborhood 

(K) 0^u-Uiv,w)^a, \v\Sb, \w\mc 

of the origin, where a, b, c are so small that the values {u, v, w, ^, y, z) 
defined over the region K by equations (12) all lie in (0, 0, 0, 0, 0, Q),. 
Further the region K is to be restricted so that to any {u, t, w) ia K there 
corresponds by (12) a (|, y, z) which is in the 5-neighborhood (0, 0, 0)g of 
the point i^,y , z) = (0,0,0). Then there passes through each (u, v, w) 
in K one and but one of the curves (11), That there is one is seen from equa- 
tions (12), for to every {7i,v,w) there is defined by (12) a (^,y ,z) in the 5- 
neighborhood (0, 0, 0)^ of (|, j/, s) = (0, 0, 0) . That there is only one 
follows from the fact that the only solutions (u, v, w, ^, y, z) of equations 
(12) in (0, 0, 0, 0, 0, 0), corresponding to a point (^, y, z) in (0, 0, O)^ 
must satisfy the equations (13), On any one of the curves there is but one 
point where the determinant J vanishes, namely the point defined by | = . 
We now substitute the values of m, ii, w as given by (13), in equations (12), 
and by differentiation find that 

J. W.| + J,v^ + J„ w^ = 1 , 

(14) ^u Wj + ^t^ JJ; + ^M Wj = , 

X»M| + Xo"! + X«.-^f = 0, 
from which It follows that 



(15) 



'Ih\x. X.V ' H,\ 



From the first of equations (14) we conclude that the funetional deterniinaiit J 
is univariavi along the curve (11), and the curve (11) is not tangent to hut achtaiiy 
cuts through the surface S. 

Thus we see that on the curve (11) the funetional determinant/ has opjmsite 
signs on the opposite sides of the surface S . In order to fix ideas let us consider 
J > on that side of the surface S which contains the positive w-axis. Only 
a change in notation from m to — m is necessary to bring this about if it is not 
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already true. The only restriction on the notation u, v, w preceding this 
was for the purpose of calling J„ that one of /„, J„, Jm which was not zero. 

We propose to show that under the assumptions made, the equations (1) 
define a one-to-one correspondence between either of the regions 
{10 0%u- U{v,w)^a, |«1=^. I wise, 

{M) ~ (i^u~ Uiv,w) ^0, \v]^h, Iwl Sc, 

on opposite sides of the surface S, and its image Ki or Mj, in the a^i/s-space. 
We note that according to our assumptions / = ^ S in ff , and / ^ in 3f . 

Suppose that the correspondence between K and Kj is not one-to-one. 
It will be shown that this leads to a contradiction with the statement that J 
varies univariantly on the curve (11). If two points {u' , v' , w') and 
(w", d", w") In K define the same {x,y,3) they must lie on that one of the 
curves (11) defined by the values y,3, since any {u,v,w,x,y,s) satisfying 
the original equations (1) determines also a solution {u,v,w,t,y,^)oi equa- 
tions (12), and the only solution of equations (12) for a (m, it, w) in iiC is given 
by equations (13). They must define distinct values ^' and ^" satisfying 
I' = 0, ^" S if they lie on the same side K of the surface S, since distinct 
points of a curve (11) can only correspond to distinct values |', |". 

The function is continuous with continuous first partial derivatives and 
takes by hypothesis the same value x on the curve (11) for £ = ^' and | = ^" . 
Hence its derivative for ^ must vanish for at least one value f = r between 
i' and I" . But this derivative is 



d^ ' 



, + 4 



With the use of equations (15) we can show that 

But T is positive and g |' < t < ^", provided we assume ^' the smaller 
of £' and I", and so the point of the curve (11) defined by t is not on the 
surface S . Hence we have indeed reached a contradiction with the state- 
ment that / is univai-iant and vanishes only for ^ = on the curve (11). 
Therefore the correspondence between the regions K and Ki is one-to-one, 
and in a similar manner it can be shown that the correspondence between 
the regions M and Mi is one-to-one. 

We are now in a position to make some statements with respect to the 
inverse functions 

(16) u ^ f{x,y,z), 'c ^ (i{x,y,z), w = h{x,y,z) 

defined by equations (1), and the character of the regions Ki and Mi. 
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Let us omit. from the regions K and Ki the points on S and Si . Denote the 
six dimensional set of points so formed by k. Then every point p(u, v, 
w, z, y, z) of K is an ordinary point for the equations (1) and satisfies both 
those equations and the equations (16). By the usual theorems of implicit 
functions it follows that there exists a neighborhood f, of p in which no two 
solutions of equations (1) have the same projection {x, y , z) , and a 5-neigh- 
borhood of the point {x, y, z) with S S e, in which equations (1) determine 
w, D, «! as functions of class C oi x, y, z. Thus to every point (m, v, w) 
interior to K there corresponds a point {x, y, z) interior to Ki at which/, g, 
h are of class C . In like manner wc show that the region M contains interior 
points. 

It is evident that K is a connected region. We shall now show that Ki 
is a connected region. To do this it is sufficient to show that any two points 
Ai , Bi interior to Ki can be joined by a continuous curve also interior to Ki . 
By equations (16) the points Ai and Bi are transformed into two points A 
and B interior to K . But K is a connected region, and hence A and B can 
be joined by a continuous curve interior to K, the transform of which by 
equations (1) is a continuous curve interior to Ki, joining Ai and Bi, and 
thus our statement is proved. We may then state the following theorem: 
Theobem III. Under the assumptions (o), (b), (c), (d) either of the two regions 
K and M in the utw-space on opposite sides of the surface S is transformed in a 
one-to-one way by means of equations (1) into a region, K\ or Mi , in the xys-space. 
Each of the regions Ki , Mi possesses interior points and is a connected region. 
From the proof just preceding, the functions f,g,h are of class C in Ki or 
Ml except possibly at points of the surface S . We desire to show next that 
they are continuous even at points which are on the surface Si . To do this it 
is sufficient to show that any infinite sequence of points qi in the region Ki with 
a single limit point k on the surface Si , has corresponding to it in the region 
K an infinite sequence of points p,- with a single limit point on the surface jS , 
and that this limit point is the point tf of which k is the image by means of 
equations (1), The infinite sequence of points p, certainly has at least one 
condensation point. Let tt' be such a point. Since the functions 4>, x,^ are 
continuous it follows that the image of ir' must be k, and since the corre- 
spondence between K and Ki is one-to-one jt' coincides with ir . The point tt 
necessarily lies upon jS since such points are the only ones which can go into 
the points of Si. 

We have thus proved that the functions/, g, and h are continuous at points 
of Ki or Ml on the surface iSi, and may state the following theorem: 

Theorem IV. Under the assumptions (a), (b), (c), (d) the inverse functions 

u = f{x,y, z) , V = g{x,y,z), w = h{x , y , z) 
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SINGULAR POINTS OP TRANSPOKMATIONS 



g Ki into K {or Mi into M) as described in Theorem III, and defined 
by means of equations (1), are continuous ai aU points of the xyz-space siiuaied 
in the region Ki or on its boundary, and have continuous first dmvaUves except 
possibly on the part of the boundary of Ki which is coincident with Si . 

It remains for us to show that the regions on opposite sides of the surface S 
transform into regions on the same side of the surface Si, We take two 
points A and B within the regions K and M , respectively (see Fig. 1), on 
opposite sides of the surface S and on the same straight Une parallel to the 
■u-axis through a point P on S . The line segment APB transforms by means 





Fio. 1. 

of (1) into an arc Ai Pi Bi which by Section 1 is tangent to the surface Si at 
the point Pi and does not cross Si at Pi , The determinant J does not vanish 
on the hne segments AB except at the point P , and hence Pi is the only point 
of Ai Pi Bi which is on the surface Si . Thus we see that the points Ai and 
Bi are on the same side of the surface Si . The point A is in the region K 
which has been shown to transform in a one-to-one way into the region K\ 
containing the point Ai , while the point B is in the region M which transforms 
in a one-to-one way into the region M^ containing the point Bi . But we have 
just shown that Ai and B\ are on the same side of the surface &i . Wc may 
therefore state the following theorem: 

Theorem V. Let 
(1) x = ^{u,v,io), y^^{u,v,w), e=x(m,-«,w) 

be a transformation which at a point P has properties (a), (b), (c), (d). The 
surface S on which the jacobian of the transformation vanishes contains P and is 
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transformed inio a surface Si, in the xyz-space containing tlie image P\_of P . 
The portions K, Si of the uvwspace on opposite sides of S are transformed in a 
one-to-one map into portions Ki , Mj of the xyz-^pace on the same side of 81 
(&eeFig. 2). 




3. Transfokmation oi<" a neighborhood of a singular surface of any 

EXTENT 

In this section by the use of the aas'umptions (a), (&), (c), {d), (e), (/) below 
we extend most of the results of the preceding section to a transformation of 
a neighborhood of even an extensive part of a singular sui-face. 

Let us now consider the transformation (1) in a neighborhood S, of the set. 
of points {u, V, w) on the surface 

(S) u = U{a,&), v^VioL,0), i« = IF(«,/3) 

defined over a finite closed region S of the «j3-plane. 

By a region is understood a piece of the plane which is bounded by a finite 
number of regular curves. The region is said to be closed if it contains all 
of its limit points. By a neighborhood S^ is understood the totality of points- 
{u, V, w) for which 

|m-[7|^€, \v-V\^i, \w-W\^€ 
when {a, 0) range over the region 21 . 
It will be presupposed that 

(a) the surface S does not intersect itself and has no singular points in S , in 
other words, the determinants of the matrix 






WA 



do not vanish simultaneously at any point of S; 
ih) the image 

X = 4.{V, V, W) = Z(a, &), 



{81) 



y = 4'i'U, V, W) = Y{a,0), 
Z = X{U,V,W) = Z{a,0), 
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of the surface S by means of equations (1) does not intersect itself; 

(c) the functions U , V , W are of class C in S ; 

id) the functions <}>,ip ,x ate of class 0" in a neighborhood of the surface S; 

(e) the functional determinant J = 3(0,^, x)/3(w, v, w) vanishes on 
the surface i5; 

(/) at every point of the surface S at least one determinant of the matrix 
(2) is different from zero. 

The assumptions (a) and (b) are sufficient to assure us that there is a one-to- 
one correspondence between the points of the surface S and its image iSi . 
For from equations (S), on account of the assumption (a), there is for any 
point (ii, r>,w) on S one and but one pair of values of «, /3; and from equa- 
tions (Si) by means of the assumption (6) there is for any point (x, y, z) 
on Si one and but one pair of values oi a, 0. Hence for any point {u,d,w) 
on the surface S there is one and only one point {x, y , s) on the surface Si . 

Suppose that however small e is chosen two points in S, may be found on 
the same side of S whose images in the zyz-space coincide. For points on one 
side of the surface S the determinant in (e) is positive, while for points on the 
other side it is negative, since by the assumption (/) one at least of the de- 
rivatives Ju, Jx, Jv> is different from zero at each point of S . Consider now a 
sequence }e«j (n=l,2, ■■■, =o ) with limit zero, and the corresponding 
sequence of regions \S,Ji . In every region Sj„ there is by hypothesis a pair 
of distinct points whose images in the a-J/2-space coincide. These two points 
may be denoted by jP„(Wn, Hn, Wb), PU^n, »«, w„) and their image by 
(a'n, ^«i Sn) . Consider the set of points 

'Pn — (Wrt , v„, «!„; u'„, dI , w'„\ ar„, y„, z„,) 

thinking of p„ as a point in a nine-dimensional space. The set p„ {n = 1, 
2, ■ ■ ■ ) certainly has a condensation point which we designate by 
{uo, jio, Wo; Mfl, %, w'„; Xt), yo, So), and for which the points Po (u-a, vg, wb) 
and P'e {u'o,v'(,, w'^ ) necessarily lie upon the surface S . 

Thus we arrive either at two distinct points (wo. %, wo) , {u'e, iij, wn) on 
the surface S whose images in the xsy-sp&ce coincide; or if (uq, vq, wo) and 
(Wo, iio, w'J) are the same we arrive at a single limit point on the surface S 
in every neighborhood of which there are two points whose images in the xyz- 
space coincide. The first case is impossible since we have shown the one-to- 
one correspondence between the points of the surface S and its image Si . 
The second case is the one considered in Section 2 and was there shown to be 
impossible. 

Thus we have shown that there must exist a neighborhood S, in which no 
two distinct points {u , v , w) {u' , v' , w' ) on the same side of S can define the 
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